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• System described by Hamiltonian Ĥ(λ) with λ ∈M

• Local eigenstates : Ĥ(λ)|un(λ)〉 = εn(λ)|un(λ)〉

• Projection on nth band εn (adiabatic evolution) :

|ψ(t)〉 = eiθ(t)|un[λ(t)]〉, ∀ time t

−→ geometric structure related to the Hilbert space !
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• Geometry : (a) distance between states

• The quantum (Fubini-Study) metric :

gµν dλµdλν = 1− |〈un(λ)|un(λ+ dλ)〉|2

[Manifestations in condensed-matter, quantum information, . . . ]

[see review : Kolodrubetz, Polkovnikov et al. Phys. Rep. 697 (2017)]



• Geometry : (b) the curvature (geometric phase)

• The Berry curvature (in band εn) :

Ω(n) = ∇λ ×
(
i〈un|∇λun〉

)
• “Aharonov-Bohm” phase in parameter space :

→ Berry curvature ≡ “magnetic field” in λ space



• Topology : Gauss-Bonnet in quantum physics

• The Chern number of the nth band εn :

ν(n) =
1

2π

∫
M

Ω(n) · dS ∈ Z

• Total “flux” of the field Ω(n) throughM

→ ν(n) ≡ “monopole” charge in λ space



• Metric and curvature united : the geometric tensor

G(n)
µν =

∑
m6=n

〈un|∂µĤ|um〉〈um|∂νĤ|un〉
(εn − εm)2 (in band εn)

• Quantum metric : g(n)
µν = R

(
G

(n)
µν

)
• Berry curvature : Ω

(n)
µν = −2 I

(
G

(n)
µν

)
[note : (Ω)α = εαµνΩµν ]

Universal method to extract Gµν ?

[beyond state tomography ; see Fläschner et al. Science ’16]



A general protocol
• Prepare system at λ = λ0 in eigenstate |u0(λ0)〉

• Time-modulate a parameter (say λµ)

λµ(t) = λ0
µ + 2(E/~ω) cos(ωt)

• Measure the excited fraction over time

nex(t) =
2πt

~
∑
n6=0

∣∣∣∣ E~ω 〈n|∂µĤ(λ0)|0〉
∣∣∣∣2δ(εn−ε0−~ω)

• Integrate the excited rate Γ = nex(t)/t over frequency

Γint =

∫ ∞
0

Γ(ω)dω =
2πE2

~2
gµµ(λ0)

[Ozawa and Goldman, PRB 97, 201117(R) (2018)]
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A general protocol (2)

• If one modulates two parameters (say λµ and λν)

λµ(t) = λ0
µ + 2(E/~ω) cos(ωt)

λ±ν (t) = λ0
ν ± 2(E/~ω) cos(ωt)

• Measure the differential integrated rate

∆Γint =

∫ ∞
0

Γ+(ω)− Γ−(ω) dω =
8πE2

~2
gµν(λ

0)

→ one reconstructs the full quantum metric !

[Ozawa and Goldman, PRB 97, 201117(R) (2018)]
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A general protocol (3)

• If one further changes the relative phase

λµ(t) = λ0
µ + 2(E/~ω) cos(ωt)

λ±ν (t) = λ0
ν ± 2(E/~ω) sin(ωt)

• Measure the differential integrated rate

∆Γint =

∫ ∞
0

Γ+(ω)− Γ−(ω) dω =
4πE2

~2
Ωµν(λ

0)

→ one reconstructs the full Berry curvature !

[Tran et al. Science Advances ’17 + Ozawa-Goldman PRB(R) ’18]
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Application : Particles moving on a 2D lattice

• Parameters (λ) are the quasi-momenta q = (qx, qy)

• Accessing Ωxy(q
0) requires modulating

qx(t) = q0
x + Acos(ωt)

q±y (t) = q0
y ± A sin(ωt)

In practice?



Application : Particles moving on a 2D lattice

• Modulating the quasi-momenta?

qx(t) = q0
x + A cos(ωt)

q±y (t) = q0
y ± A sin(ωt)

• Practice : shake the lattice circularly (≡ circ. pol. light)

shake

Geometry revealed through repopulation of the bands upon shaking !



Application : Chern insulator

• Filled Bloch band with non-zero Chern number

• The protocol probes the averaged Berry curvature

∆Γint ∼ 1
2π

∫
FBZ Ωxy dqxdqy = ν ∈ Z

→ a quantized dissipative response?
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Quantization law for the rates

∆Γint/Asyst ≡
1

2Asyst

∫ ∞
0

(
Γ+ − Γ−

)
dω = (E/~)2 × νLB

[Tran et al. Science Advances ’17]
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Quantized circular dichroism and relation to conductivity
• Circular dichroism and dissipative optical conductivity

~ω
(
Γ+(ω)− Γ−(ω)

)
= E2 (4Asyst)× σxyI (ω)

• Kramers-Kronig relations for the conductivity tensor
2

π

∫ ∞
0

σxyI (ω)

ω
dω = σxy(0)→ Hall conductivity

• Universal relation for the differential integrated rate

∆Γint/Asyst ≡
1

2Asyst

∫ ∞
0

(
Γ+ − Γ−

)
dω = (2πE2/~)×σxy

• Chern insulator case : quantized circular dichroism

σxy = (1/h)νLB −→ ∆Γint/Asyst = (E2/~2) νLB

[Bennett & Stern ’65 , Tran et al. Science Advances ’17]
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Experimental demonstration of quantized circular dichroism

• 40K atoms (fermions) in a honeycomb optical lattice

• Chern insulator is realized by Floquet engineering

Floquet shaking frequency (kHz)      
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• Excitation rates Γ± are measured upon applying an
additional circular shaking (orientation ±)

[Asteria et al. arXiv :1805.11077]



Experimental demonstration of quantized circular dichroism

• Compare the rates in trivial and non-trivial regimes
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[Asteria et al. arXiv :1805.11077]



Experimental demonstration of quantized circular dichroism

• Quantized value reached deep inside topolog. regime

∆Γint/Asyst = (E2/~2) νexp
LB , with νexp

LB = 0.9(1)
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[Asteria et al. arXiv :1805.11077]



Other experimental results

• The experiment probes the dissipative optical conductivity

Γ+(ω)− Γ−(ω) = E2

(
4Asyst

~ω

)
× σxyI (ω)

→ first observation in topological quantum gases !

• By shaking linearly, one probes the quantum metric

(~/E)2(1/2π)
{

Γint
x + Γint

y

}
= Tr[gµν(k)] ≡ ΩI ,

→ exp. access to the Wannier spread functional

[Marzari & Vanderbilt ’97, Ozawa & Goldman ’18, Asteria et al. arXiv :1805.11077]
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Application : Fractional Chern insulators

• Universal relation for the differential integrated rate

∆Γint/Asyst = (2πE2/~)× σxy

• Fractional Chern insulator : σxy = (1/h) νMB , νMB ∈ Q

∆Γint/Asyst = (E2/~2) νMB

• Hardcore bosons on square lattice with flux nΦ = 1/4

Npart Nsupercell νMB ∆Γint/(AsystE2)
4 8 0.293 0.289
5 10 0.311 0.307
6 12 0.453 0.448
7 14 0.4638 0.45

→ converges towards νMB = 0.5 (Laughlin state)

[Repellin and Goldman, arXiv :1811.08523]
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Other results
• The dichroic signal distinguishes Laughlin from CDW
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−→ good news for band-mapping !

[Repellin and Goldman, arXiv :1811.08523]
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Conclusions

• Quantum geometry can be probed through excitation-rate
measurements

• Quantized circular dichroism was revealed in ultracold atoms

• Detection schemes based on excitation-rate measurements
are universal (wide range of applications)

• Circular dichroism can unambiguously detect topological order,
e.g. fractional Chern insulators
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