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Motion and merging of Dirac points
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Phys. Rev. B 80, 153412 (2009)
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Y. Hasegawa, R. Konno, H. Nakano, and M. Kohmoto, 
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Photonic crystals
Microwaves
Ultracold atoms in optical lattices
-(BEDT-TTF)2I3
Phosphorene
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Universal scenario
for merging of Dirac points
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Universal scenario
for merging of Dirac points
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Reminder: « s »-edge states, topological argument

W(kk) =
1

2iπ

Z
∂ ln fs(kk, k⊥)

∂k⊥
dk⊥

The number of edge states is related to the winding number

Write the Hamiltonian compatible with the boundary conditions

W(kk) =
1

2π

Z
∂φ(~k)

∂k⊥
dk⊥

Ryu, Hatsugai (2002), Delplace, Ullmo, G.M (2011)
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k(M + 1)a0−φk = κπ , κ = 1, · · · ,M

Bulk solutions, infinite system

Bulk solutions, with appropriate boundary conditions :

has                  bulk solutions

Reminder: « s »-edge states, topological argument                 (SSH chain)

edge states

m = 0 m =M + 1

Ryu, Hatsugai (2002), Delplace, Ullmo, G.M (2011)

hM + 1, A|ψki = 0
h0, B|ψki = 0
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bearded edge states at the expense of zigzag states
zigzag edge states at the expense of bearded states
appearance of edge states at the armchair edges

β < 1
β > 1
β 6= 1

Reminder: « s »-edge states, topological argument

bearded armchair bearded

β = 1

β = 0.4

β = 1.5

W(kk) =
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2π

Z
∂φ(~k)

∂k⊥
dk⊥

zigzagzigzag

zigzag and bearded states are complementary

zigzag

bearded

fs(zigzag) = e
i~k·~a1f∗s (bearded) Ws(zigzag) = 1−Ws(bearded)

W(kk) =
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2iπ
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∂ ln fs(kk, k⊥)

∂k⊥
dk⊥

bearded edge states at the expense of zigzag states
zigzag edge states at the expense of bearded states

β < 1
β > 1

Nice experiments : distorted microwave lattice

β = 0.4 β = 1 β = 1.5 β = 2.5

Manipulation of edge states in microwave artificial graphene
M. Bellec, U. Kuhl, G.M., F. Mortessagne
New J. Phys. 16, 113 023 (2014)
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Milicevic et al, 2D Mater. 2, 034012 (2015)

Polariton honeycomb lattice : edges
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C. Wu & S. Das Sarma, px,y-orbital counterpart of graphene: cold atoms in the honeycomb optical lattice
PRB 77, 235107 (2008)
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New dispersive edge states

2-fold 2-fold 4-fold4-fold

p-band edge states: tight-binding

zigzag                            bearded armchair

Zero energy states : p-states and s-states are complementary

Topological description 

One additional bearded zero energy state

19

Topological properties of the s and p Hamiltonians

C. Kane, T. Lubensky, Nat. Phys. (2014)



Topological properties of the s and p Hamiltonians

zigzag
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Wp(zigzag ) = 1−Ws(zigzag ) = Ws(bearded )

Wp(bearded ) = 2−Ws(bearded ) = 1 +Ws(zigzag )
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β 6= 1Deformation of the lattice

s-band

p-band

εflatp (β) εdisp.p (β) =
3

4
β εs(

1

β
)
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Correspondance s-band / p-band

bearded edge states zigzag edge states
zigzag edge states bearded edge states
increase decrease
decrease increase

s-band p-band

Wp(zigzag, β) = 1−Ws(zigzag,
1

β
)

Wp(bearded, β) = 2−Ws(bearded,
1

β
)
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