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Waves in Complex Systems team

• Flexible experimental platforms in microwaves 
or optics (and a hint of acoustics) 

• Random Matrix Theory, effective Hamiltonian 
formalism, numerical simulations

• Complex geometries : multimode optical fibres, 
2D or 3D microwave cavities

• (dis)ordered lattices : coupled µwave 
resonators, photo-induced/laser-written 
photonic structures

• Wave chaos – Anderson localization

• Artificial Dirac materials

• Quantum fluids of light

• Topological photonics
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Topological photonics
This field aims to explore the physics of topological phases of matter

in a novel optical context. T. Ozawa et al. arXiv1802.04173

•2008: First theoretical prediction 
(Haldane & Raghu)

•2009: First experimental realization 
(Wang et al., MIT)

•since there: Different strategies to 
emulate topological phases with 
photons

Khanikaev & Shvets, Nat. Photon. 11, 763 (2017)

Hafezi et al., Nat. Photon. 7 (2013) Chiral edge state in a 
lattice of coupled ring 
resonators on a 
silicon chip.  

Pseudospins given by 
clockwise and 
anticlockwise modes.

Recall 
yesterday’s 

talks

Recall Alberto ’s lecture



Outline

1. Microwave realization of tight-binding model
dielectric resonators, TE mode, evanescent coupling, LDOS & eigenstates

2. SSH chain: Control of topological interface states
zero-mode, selective enhancement, non-linear absorption, reflective limiter

3. 2D lattices : Lieb (and Penrose)
partial symmetry breaking, (not so) flat band, zero-mode, gap labeling (naive picture)



Experimental setup

• Vectorial Network Analyzer (@ 
6~7 GHz): complex scattering 
matrix;

• dielectric resonators sandwiched 
between metallic plates;

• ‘kink’ and ‘loop’ antennas excite 
TE polarization:

 (~r) = Bz(~r)
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Microwave resonator
8 mm

5 m
m" = 37• high permittivity: 

• low loss: Q ' 7000

Dielectric ceramic (ZrSnTiO):

5 mm

(b)(a)

5 mm

(b)(a)

•Energy essentially inside
•Evanescent field outside

• TE1 Mie resonance 
@ 6.65 GHz
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Dielectric ceramic (ZrSnTiO):

5 mm

(b)(a)

5 mm

(b)(a)

• TE1 Mie resonance 
@ 6.65 GHz Bz(~r, z) = B0 sin
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Tight-binding coupling

Buildings blocks of artificial molecules, (quasi-)crystals, 
disordered lattices… (well controlled metamaterials)
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LDoS & eigenstates
A direct access to the density of states and intensity of 
the eigenstates through:

arg [S11(⌫)] = '11(⌫)

for a given eigenfrequency: measure the local intensity
Local Density of States, DoS by averaging

g(r1, ⌫) = |S11(⌫)|2'0
11(⌫)

g(r1, ⌫) '
�

�

X

n

| n(r1)|2�(⌫ � ⌫n)



(Local) Density of States
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A flexible and versatile
experimental platformBELLEC, KUHL, MONTAMBAUX, AND MORTESSAGNE PHYSICAL REVIEW B 88, 115437 (2013)

FIG. 4. (Color online) DOS, LDOS, and wave functions for the square lattice with d = 13 mm spacing. (a) Measured DOS, through
g function; see Appendix A. (b) Measured LDOSs in a small frequency range corresponding to the gray zone in (a). Each site is marked
with a color ranging from deep blue to red (inset). (c)–(k) Experimental wave function intensities for various eigenfrequencies ranging from
6.7560 GHz (k) to 6.8129 GHz (c). (c), (d), and (e) correspond to ν1, ν2, and ν3 in (b), respectively. (d) and (e) are nearly degenerated states
(see text for details).

strength leads to a shift of the eigenfrequencies; however it
does not affect the eigenstates.

III. HIGHER ORDER NEAREST-NEIGHBOR COUPLINGS

From the spectra presented in Fig. 4(a), one can extract
another crucial piece of information: the density of states. As
shown in Appendix A, the g function averaged over all the
site positions is a quantity directly related to the DOS. If we
restrict the TB model to the N1 interactions, we expect to
have a symmetric DOS in both square and hc lattices. This is
opposed to what we observe in Fig. 4(a), where the LDOSs
are clearly not symmetric. In this section, we will emphasize
the role of higher order nearest-neighbor coupling terms and
show, both experimentally and analytically, how significant
they are in the DOS shape modification.

A. Tight-binding Hamiltonian

Let us first focus on the square lattice. Since the lattice
presents only one site per unit cell [see Fig. 6(a)], in the
TB approximation, using the Bloch theorem, the dispersion
relation can be written as

ν(k) − ν0 = −
∑

k

t(R)eik·R. (4)

k = (kx,ky) corresponds to the Bloch wave vector, R is the
translation vector of the lattice, and where the on-site resonant
frequency ν0 appears explicitly. t(R) is the coupling between
two sites separated by R. If we consider only the coupling

terms t1 and t2 between the first and second nearest-neighbors
[gray and dashed gray circles in Fig. 6(a), respectively], Eq. (4)
reads27

ν(k) − ν0 = −2t1(cos k · a1 + cos k · a2)

−2t2[cos k · (a1 + a2) + cos k · (a1 − a2)], (5)

where a1 and a2 define the primitive cell of the Bravais lattice
as depicted in Fig. 6(a). The extrema of the energy band
correspond to k · a1 = k · a2 = 0 and k · a1 = k · a2 = π . The
width of the band #ν and its center νc are thus given by

#ν = 8|t1|, (6a)

νc = ν0 − t2. (6b)

The DOS, which is obtained by counting the number of
allowed states for each frequency, is nonzero between νmin =
νc − #ν/2 and νmax = νc + #ν/2. Moreover, a singularity
appears in the DOS at ν = νp. It corresponds to the saddle point
in the dispersion relation (5) which is located at k · a1 = 0 and
k · a2 = ±π . We have

νp = ν0 + 4t2. (7)

The positions of these frequencies depend on the N1 and
N2 coupling terms, t1 and t2, respectively. Consequently, as
shown in Fig. 7(a), the shape of the DOS is strongly affected.
The spectrum goes from a symmetric distribution (gray area)
when only N1 couplings are considered (i.e., t2 = 0) to a
nonsymmetric shape (red line) when N2 coupling terms are
included (i.e., t2 ̸= 0). The peak shifts and the band extrema
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FIG. 8. (Color online) DOS for regular square [(a), (b)] and hc
[(c), (d)] lattices for various lattice constant d . (a), (c) d = 15 mm. (b),
(d) d = 13 mm. Blue area: Normalized histogram with 24 bins per
bandwidth (see text for details) of the g function averaged over all the
position r. Orange line: Analytical solution for a infinite system taking
into account the N1, N2, and N3 coupling terms. These parameters
are obtained by locating the points of interest as seen in Fig. 7.

In addition, the two logarithmic divergences observed in
Fig. 7(b) correspond to the saddle points in the dispersion
relation (12) (for kM · a1 = kM · a2 = π ) and emerge at

ν− = ν0 + 2t2 − |t1 − 3t3|, (15a)

ν+ = ν0 + 2t2 + |t1 − 3t3|. (15b)

Here again, the position of these points depends on the cou-
pling parameters (t1, t2, and t3) and the frequency ν0. The DOS
shape is thus strongly affected as seen in Fig. 7(b). The
two extrema are modified, the vanishing point is shifted, and
consequently, the two bands become dissymmetric. We would
like to point out that we have neglected the overlap s between
nearest-neighbor (l,l′) wave functions: s = ⟨#l|#l′ ⟩ ≈ 0. Its
effect may be incorporated in a slight change of the ti’s.
Therefore, we consider here that the ti’s are effective coupling
parameters.

B. Experimental and analytical DOS

To experimentally extract the density of states, we average
the g function over all positions r1. Indeed, the DOS is
directly related to ⟨g(ν)⟩r1 (see Appendix A). As presented
in Fig. 8, the spectra have been measured for various lattice
constants. Note that, in order to reduce the fluctuations
of ⟨g(ν)⟩r1 and thus improve the frequency assignment,
we use normalized histograms. We choose a bin width of
$νbin = (1/24)|νmax − νmin| corresponding to approximately
10 resonances per bin on average. So far, we have not discussed
the sign of the couplings. The symmetry of the two-disk
system eigenfunctions presented in Sec. II C implies t1 < 0.
We observe in Fig. 8 that the position of the peak (νp) and the
vanishing point (νD) are shifted towards lower frequencies. In
view of Eqs. (7) and (13), this means that t2 is also negative.
Concerning N3 coupling, we show below that the DOS is well

fitted when t3 and t1 have the same sign; therefore t3 < 0.
The common sign for the three nearest-neighbor couplings is
consistent with their similar physical origin.28 Therefore, by
extracting the frequencies of interest from the experimental
spectra, we can get, according to Eqs. (6) and (7), the coupling
parameters for the square lattice:

ν0 = 1
4

(νmin + νmax + 2νp), (16a)

|t1| = 1
8

(νmax − νmin), (16b)

t2 = 1
8

(
νp − νmin + νmax

2

)
. (16c)

For the hc lattice, according to Eq. (14), if the condition
|t1| > 3|t3| is satisfied, we have

ν0 = 1
6

(νmin + νmax + 4νD), (17a)

|t1| = 1
8

(νmax − νmin + ν+ − ν−), (17b)

t2 = 1
9

(
νD − νmin + νmax

2

)
, (17c)

|t3| = 1
24

[νmax − νmin − 3(ν+ − ν−)]. (17d)

The extracted values are reported in Table I. The N1
coupling parameters t1 are added in Fig. 3(b) for both square
(green square) and hc (blue circle) lattice for lattice constant
d = 11, 12, 13, and 15 mm. We observe that, apart from
d = 11 mm, these values are very consistent with the ones
obtained with two-disk (gray diamonds) and hexagonal (red
circles) systems. Then, the values of the Table I are used to
numerically calculate the DOS of an infinite system in the
tight-binding approximation [using Eqs. (5) and (12)]. Note
that, to take into account experimental losses, we introduce a
Lorentzian broadening in the DOS with a full width at half
maximum corresponding to 0.5% of the bandwidth. The plots
are displayed with orange lines in Fig. 8. We observe a good
agreement with the experimental data, taking into account that
the experimental system is finite (with only ∼220 disks). Still,
it is possible to observe the dynamic of the spectra which
shows the effect of N2 and N3.

Let us focus on the hc lattice [see Figs. 8(c) and 8(d)]. For
both lattice constants we clearly observe a shift of the Dirac
point and a dissymmetric band structure, whereas the number
of states remains equivalent in each band. As the first band is
narrower, it also becomes more intense, whereas the second
band is larger and less intense. The reason is that a large
t2/t1 squeezes considerably the lowest band, and therefore
increases the DOS in the lower band (recall that in our system
t2 < 0). As the N2/N1 ratio decreases with d, these effects
are less significant for the large lattice constant (d = 15 mm
and t2/t1 = 0.09) than for the smaller one (d = 13 mm and
t2/t1 = 0.12). Moreover, by increasing t2/t1, we observe an
increase of the DOS near the lower edge leading to a flattening
of the lower band. Actually, one can show that, at ν = νmin,
the DOS increases with t2 as

ρ(νmin) =
√

3
2π

1√
|t1| − 6|t2|

. (18)
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Outline

1. Microwave realization of tight-binding model
dielectric resonators, TE mode, evanescent coupling, LDOS & eigenstates

2. SSH chain: Control of topological interface states
zero-mode, selective enhancement, non-linear absorption, reflective limiter

3. 2D lattices : Lieb (and Penrose)
partial symmetry breaking, (not so) flat band, zero-mode, gap labeling (naive picture)



The simplest topological system
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Two topological phases
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Topological interface state
In a semi-infinite system, the existence of edge states is 
determined by the topological property of the bulk wavefunction:

edge state

Interface between 2 distinct topological phases:

mid-gap topological interface state (zero-mode)

Z↵ = 0 Z� = ⇡

no edge stateZ↵ = 0 )

Z� = ⇡ )

Recall Pascal’s lecture



Microwaves realization

• the defect breaks the sublattice (chiral) symmetry 
• the interface state is spectrally protected and spatially confined

Dimer chain

zero-mode SSH chain

selected zero-mode

Complex SSH chain
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Selective enhancement by losses
Dimer chain

zero-mode SSH chain

selected zero-mode

Complex SSH chain
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• losses on the B-sublattice through elastomer patches breaks T-symmetry 
• the topological state is spectrally and spatially unaffected
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Loss-assisted propagation
transmissions between the defect 
resonator and all the others :

with absorption, the enhanced defect 
mode dominates the propagation

without absorption, diffraction and 
interferences spoil the propagation

Nature Communications, 6:6710 (2015)
a

b

0

100

200

(ns)

0 1
τ

0
5

10
-5

-10
n

0
5

10
-5

-10
n

S12(~ri,~rd; ⌫)
FT��! si(t)

<latexit sha1_base64="zSOA7Qzfh8iM4cyqYCZy6bsZqCo="></latexit><latexit sha1_base64="cFGt1hIyqBs5t2mMYMmczgwM+bo="></latexit><latexit sha1_base64="cFGt1hIyqBs5t2mMYMmczgwM+bo="></latexit><latexit sha1_base64="cFGt1hIyqBs5t2mMYMmczgwM+bo="></latexit><latexit sha1_base64="gXw1Ivf2lELEIps+c6avhedsfUM="></latexit>

a
b

0

100

200

(ns)

0 1
τ

0
5

10
-5

-10
n

0
5

10
-5

-10
n



Topology is crucial

• localized absorption or 
disorder hybridizes defect 
and extended states

• no spectral and spatial 
topological protections
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regular chain with central defect:



Robust to disorder
random couplings which preserve the dimer structure

with or without absorption, the topologically protected defect 
mode is insensitive to structural disorder
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Robust to disorder
random couplings which preserve the dimer structure

with or without absorption, the topologically protected defect 
mode is insensitive to structural disorder
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Optical limitation



Ideal optical limiter

Receiver/sensor/circuit damage threshold 

Limiting threshold (LT) 
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The larger the dynamical range, the better the limitation.
New concept: Topological reflective limiter
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Lossy resonator

Standalone lossy resonator acts 
as a sacrificial limiter.
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Varying the size 
of the absorbing 
patch:

Focus on demonstrating 
the effect of losses at the 
defect resonator on the 
transport properties. 



•As losses increase the 
transmission goes down and 
absorption goes down, 
meaning that the reflection 
goes up.

Topology-assisted reflective 
limiter

Phys. Rev. B, 95, 121409(R) (2017)

•The topological structure 
does not overheat because it 
‘protects’ the lossy defect by 
decreasing the value of the 
field intensity as losses are 
increasing.



•As losses increase the 
transmission goes down and 
absorption goes down, 
meaning that the reflection 
goes up.

Topology-assisted reflective 
limiter

Phys. Rev. B, 95, 121409(R) (2017)

•The topological structure 
does not overheat because it 
‘protects’ the lossy defect by 
decreasing the value of the 
field intensity as losses are 
increasing.
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Genuine non-linear losses
Silicon Schottky diode 
(Skyworks SMS7630) Preliminary results: It works !



Outline

1. Microwave realization of tight-binding model
dielectric resonators, TE mode, evanescent coupling, LDOS & eigenstates

2. SSH chain: Control of topological interface states
zero-mode, selective enhancement, non-linear absorption, reflective limiter

3. 2D lattices : Lieb (and Penrose)
partial symmetry breaking, (not so) flat band, zero-mode, gap labeling (naive picture)



Lieb lattice
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uniform couplings:
topologically boring…

Global chiral symmetry:
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more interesting 
when dimerized:

u = u0 = v = v0 w(i) = 0
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•flat band on the majority sublattice
•with an appropriate choice of boundary 

conditions: one extra zero-mode on the 
minority sublattice (B sites)… but still 
degenerated with the flat band.



Partial chiral symmetry
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In the experiment, next-nearest neighbor 
couplings are effective:

• the chiral symmetry of the 
majority sublattice is broken

• the flat band becomes dispersive
• the zero-mode is lifted away
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Engineering of defect states
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Topological protection
2D Materials 4, 025008 (2017)
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Intriguing quasicrystal
In a quasiperiodic cristal, the atomic positions along each 
symmetry axis are described by a sum of two or more 
periodic functions whose wavelengths have an irrational 
ratio (Bindi et al.)



What is a quasicrystal?
An integrated density-of-states E E

Emin
ρ E dE with a

staircase structure
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• irregular step heights
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resolution
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Intriguing quasicrystal

To explore the atomic structure, several gran-
ules, each a fewmicrometers across (such as the
one shown in Fig. 1B), were removed from the
glass fiber and examined with TEM (16). On
the submicrometer length scale, the grains are
mostly homogeneous but contain some smaller
domains with slightly different compositions.
Some of these regions were found with energy-
dispersivex-rayanalysis tobeAl63 T 1Cu24 T 1Fe13 T 1,
within an error equal to the known composition
of synthetic i-AlCuFe. (This suggests that the
electron microprobe analysis, which averages
over larger domains, included regions with
different compositions.) The diffraction patterns
from these regions, obtained by tilting the sample
at various angles, are shown in Fig. 4. These
patterns, consisting of sharp peaks arranged in an

incommensurate lattice with five-, three-, and
twofold symmetry, are the characteristic signa-
ture of an icosahedral quasicrystal (1, 5). In ad-
dition, the angles between the symmetry planes
shown in Fig. 4 are consistent with icosahedral
symmetry. For example, the angle between the
two- and fivefold symmetry planes was measured
to be 31.6° T 0.5°, which agrees with the ideal
rotation angle between the twofold and fivefold
axes of an icosahedron (arctan 1

t ≈ 31:7°). The in-
verted Fourier transform of the high-resolution TEM
(HRTEM) image shown in Fig. 1C shows that the
real space structure consists of a homogeneous,
quasiperiodic, and fivefold symmetric pattern.
Together, these TEM results provide conclusive
evidence of crystallographically forbidden icosa-
hedral symmetry in a naturally occurring phase.

TEM and XRD also demonstrated the high
degree of structural perfection in the mineral
quasicrystal. In the electron diffraction patterns in
Fig. 4, there is no visible distortion. Quasicrystals
produced by rapid quenching or embedded in a
matrix of another phase often exhibit measurable
deviations from the ideal pattern due to phason
strains (15, 17). An experimental signature is a
shift in Bragg peak positions relative to the ideal
by an amount proportional to Q, corresponding
to larger shifts for peaks with smaller intensity. If
the diffraction pattern is held at a grazing angle
and viewed down rows of peaks, the phason
strain can be observed as deviations of the dim-
mer peaks from straight rows (15). The diffrac-
tion patterns in Fig. 4 display no discernible
evidence of phason strain. This qualitative obser-
vation is quantified by the XRD data in column
three of Table 1, which demonstrate that the
natural quasicrystal has a degree of structural
perfection comparable to that of the best labora-
tory specimens (Fig. 3B). Either the mineral
samples formed without phason strain in the first
place, or subsequent annealing was sufficient for
phason strains to relax away.

A nearly structurally perfect natural quasi-
crystal that formed under geologic conditions
would have several implications for geology and
condensed-matter physics. The definition of a
mineral, which previously included periodic crys-
tals, incommensurate structures (18, 19), and
amorphous phases, would henceforth include
quasicrystals, expanding the catalog of structures
formed by nature and raising an interesting
challenge to explain how they formed naturally.
Finally, the study of natural quasicrystals may
provide insights about the formation and stability
of quasicrystals at temperatures and pressures not
studied in the laboratory previously, and perhaps
an avenue for discovering new quasicrystals with
compositions not yet synthesized.
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Diffraction pattern 
with 5-fold symmetry !
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Microwave Penrose tiling
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Dominant couplings

dominant coupling along the diagonal of the thin rhombus
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E3 = Eb

|�3,ai = |1ti � |3ti |�3,bi = |1si



Band populations
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Band populations
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Physical picture of the gap 
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A novel approach to investigate the electron transport of cis- and trans-polyacetylene chains in the 
single-electron approximation is presented by using microwave emulation measurements and tight-
binding calculations. In the emulation we take into account the different electronic couplings due to 
the double bonds leading to coupled dimer chains. The relative coupling constants are adjusted by DFT 
calculations. For sufficiently long chains a transport band gap is observed if the double bonds are present, 
whereas for identical couplings no band gap opens. The band gap can be observed also in relatively short 
chains, if additional edge atoms are absent, which cause strong resonance peaks within the band gap. 
The experimental results are in agreement with our tight-binding calculations using the nonequilibrium 
Green’s function method. The tight-binding calculations show that it is crucial to include third nearest 
neighbor couplings to obtain the gap in the cis-polyacetylene.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The aim of further miniaturization of electronic devices has led 
in recent years to the question, if it is possible to shrink down 
the individual active element to a single molecule. This question 
stimulated the research field of molecular electronics, see [1] and 
references therein for an overview. One approach is based on car-
bon nanotubes, which for certain geometric parameters (i.e. tube 
diameter or number of windings) show a band gap and hence, can 
be used as transistors [2–5]. A recent milestone has been the real-
ization of a carbon nanotube computer [6]. However, a drawback of 
this approach is that after the growth of the nanotubes the metallic 
carbon nanotubes have to be separated from the semi-conducting 
ones. An alternative approach could be to use individual polyacety-
lene chains, see a sketch in Fig. 1 (a,b), which are predicted to have 
a band gap [7–12]. However, most of the experimental work has 
been done with thin films of polyacetylene chains [13,14]. Trans-
port experiments with individual polyacetylene chains have, to the 
best of our knowledge, not been performed yet. However, new 

E-mail addresses: stegmann@icf.unam.mx (T. Stegmann), jofravil@fis.unam.mx
(J.A. Franco-Villafañe), fabrice.mortessagne@unice.fr (F. Mortessagne).

developments in microwave experiments allow to emulate exper-
imentally a tight-binding model, which has proven successful in 
studies of graphene [15,16]. These microwave experiments, which 
are performed here for the first time on molecular structures, 
can measure the transport of microwaves through one or two di-
mensional tight-binding systems. The microwave transmission cor-
responds to the ballistic single electron transport in mesoscopic 
physics or in molecules. Electron–electron interaction, which is 
present to some extent in real molecules, cannot be emulated by 
the microwave experiment.

In this paper we explore the transport in polyacetylene like sys-
tems. In long chains a transport gap is observed, which is expected 
due to the dimerization of the chain, i.e. the chain is composed of 
unit cells of two carbon atoms (dimers). Additional edge atoms add 
edge localized resonance states within the gaps, which become im-
portant for short chains but are negligible for long chains.

2. System: polyacetylene chains

The setup, which we use to emulate both the cis- (armchair) 
and trans- (zigzag) isomers of polyacetylenes of various lengths, 
is shown in Fig. 1 (c,d). The studied chains consist of Nd dimers, 
which we here define via the double bonds, with Nc additional 
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Electron transport in small graphene nanoribbons is studied by microwave emulation experiments and tight-
binding calculations. In particular, it is investigated under which conditions a transport gap can be observed. Our
experiments provide evidence that armchair ribbons of width 3m + 2 with integer m are metallic and otherwise
semiconducting, whereas zigzag ribbons are metallic independent of their width. The contact geometry, defining
to which atoms at the ribbon edges the source and drain leads are attached, has strong effects on the transport.
If leads are attached only to the inner atoms of zigzag edges, broad transport gaps can be observed in all
armchair ribbons as well as in rhomboid-shaped zigzag ribbons. All experimental results agree qualitatively with
tight-binding calculations using the nonequilibrium Green’s function method.
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I. INTRODUCTION AND OUTLINE

Nowadays, graphene is one of the most studied materials in
condensed matter physics because of its various exceptional
properties and their technical applications, see Refs. [1–8]
for an overview. One of the most remarkable features is
that graphene has a linear dispersion relation at the Dirac
points, which lets the electrons behave as relativistic, massless,
charged fermions. The high mobility of the charge carriers,
coming from the special dispersion relation at the Fermi
energy, makes graphene very promising for new electronic de-
vices. However, the absence of a band gap in graphene inhibits
substituting current silicon-based semiconductor technology
by graphene [9]. One approach to open a band gap in graphene
is to use nanoribbons, i.e., small stripes of graphene; see Fig. 1.
On one hand, this approach has the advantage that the rather
small size of graphene nanoribbons may lead to a high minia-
turization and integration of these devices. On the other hand,
it has the disadvantage that it is still challenging to produce
nanoribbons of well controlled size and geometry, although
there is promising progress; see for example Refs. [10–17].
Moreover, connecting nanoribbons to leads, where electrons
are injected and extracted, is experimentally demanding. Note
also that graphene nanoribbons are predicted to operate as
valley filters; see for example Refs. [18–20]. The so-called
valleytronics, where the pseudospin of the charge carriers is
used, may lead to new electronic devices, which do not have
an analog in silicon-based electronics.

Recently, it has been shown that a tight-binding model of
graphene and polyacetylene can be emulated by microwave
experiments [21–24]. Such experiments are well controlled
and easy to perform (in comparison to experiments with real
graphene or polyacetylene) and hence offer a versatile tool
to investigate in detail the properties of these systems. In
this article, we study the ballistic single-electron transport
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†jofravil@ifisica.uaslp.mx

through small graphene nanoribbons by microwave trans-
mission experiments. Our measurements are supported by
tight-binding calculations using the nonequilibrium Green’s
function (NEGF) method [25–27].

Graphene nanoribbons have two elementary edge struc-
tures, the zigzag and the armchair shape; see for example
the horizontal edges in Figs. 1(a) and 1(b), respectively. Edge
deformations are not considered here [28]. Studies of graphene
nanoribbons [29–33] predict that armchair ribbons of width
3m + 2 with integer m are metallic and otherwise semicon-
ducting; i.e., they show a broad band gap at the Dirac point.1

Zigzag ribbons are predicted to be metallic for all ribbon
widths. First samples of small graphene nanoribbons have been
synthesized recently [10–17] indicating the predicted behavior.
Here, we present emulation experiments of the electronic
transport through small nanoribbons with specific edges and
atomically precise connections to source and drain leads. We
do not only provide further evidence to the predicted behavior
but study also the effect of the contact geometry, which
determines to which sites at the edges of the ribbons leads are
attached. We show that by tuning the contact geometries, broad
transport gaps can be induced in graphene nanoribbons with
armchair and zigzag edges independent of their actual width.
Contact effects on the transport in graphene nanoribbons have
been addressed only rarely. Square lattices have been attached
to the honeycomb lattice of graphene ribbons [36–42], which
for example induces in zigzag ribbons of even width a transport
gap, while ribbons of odd width remain metallic. Similar
even-odd parity effects can be observed also with respect to
the total length of the ribbon [43]. The case where leads are
attached to small [44,45] and larger [46] nanoribbons has also
been studied.

The paper is organized as follows. In Sec. II, we describe the
studied systems and explain briefly the used experimental and

1Studies using density function theory [34,35] indicate that also in
the metallic armchair ribbons a narrow band gap can be observed.
However, these correlation effect go beyond the present study.
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We propose a concept of chiral photonic limiters utilizing topologically protected localized midgap defect states
in a photonic waveguide. The chiral symmetry alleviates the effects of structural imperfections and guarantees
a high level of resonant transmission for low intensity radiation. At high intensity, the light-induced absorption
can suppress the localized modes, along with the resonant transmission. In this case the entire photonic structure
becomes highly reflective within a broad frequency range, thus increasing dramatically the damage threshold of
the limiter. Here, we demonstrate experimentally the loss-induced reflection principle of operation which is at
the heart of reflective photonic limiters using a waveguide consisting of coupled dielectric microwave resonators.

DOI: 10.1103/PhysRevB.95.121409

The emerging field of topological photonics aims to realize
photonic structures which are resilient to fabrication imperfec-
tions [1–10]. Usually, these structures, support topologically
protected (TP) defect states within photonic band gaps. In
this endeavor the manipulation of various symmetries has
been proven extremely useful. An example case are resonator
arrays with chiral symmetry [11] where a topological defect
state appears to be insensitive to positional imperfections
of the resonators [11,12]. In this Rapid Communication we
connected the chiral symmetric array to leads, thus turning the
TP defect mode to a quasilocalized resonant mode which was
utilized for the realization of a topologically protected class of
waveguide photonic limiters.

Limiters are protecting filters transmitting low-power (or
energy) input signals while blocking the signals of exces-
sively high power (or energy) [13–18]. Usually, a passive
limiter absorbs the high-level radiation, which can cause its
overheating. The input level above which the transmitted
signal intensity does not grow with the input is the limiting
threshold (LT). Another important characteristic is the limiter
damage threshold (LDT), above which the limiter sustains
irreversible damage. The domain between LT and LDT is
the dynamic range (DR) of the limiter—the larger it is,
the better. Unfortunately, material limitations impose severe
restrictions on both thresholds. Importantly, these structures
should be tolerant to deviation of the material and geometrical
parameters from their ideal values.

Along these lines, the defect modes hosted by photonic
band-gap [16,19–21] (or other resonant [22]) structures have
been exploited as an alternative to achieve flexible, high
efficiency photonic limiters. In most occasions, however,
limiting action is achieved by a nonlinear frequency shift of the
transparency window of the photonic structure. Such a shift
is inherently small and, therefore, cannot provide broadband
protection from high-power input. Other schemes, specifically
in the microwave domain, exploit PIN diode (having spike
leakage problems) [23], transmitter-receiver (TR) tubes, or
self-attenuating superconducting transmission lines that re-
quire high-power consumption [24]. To address these issues we
have recently proposed the concept of reflective photonic lim-
iters [25,26]. Such limiters reflect the high radiation, thereby
protecting themselves—not just the receiving device—while

they provide a strong resonant transmission for low incident
radiation.

Here, we propose the use of chiral coupled resonator
waveguides (C-CROWs) with alternating short and long
distances from one another (see Fig. 1), as a fertile platform
to implement structurally robust reflective waveguide limiters
with a wide DR. In the presence of a phase slip defect
[27,28], chiral symmetry provides topological protection to
a midgap defect localized mode [11,12]. For low incident
power (or energy) it can provide high transmittance shielded
from (positional) fabrication imperfections. When (nonlinear)
losses at the defect resonator (triggered from high-power,
or energy, incident radiation) exceed a critical value, the
resonant defect mode and the associated resonant transmission
are dramatically suppressed, turning the C-CROW highly
reflective (not absorptive) for a broad frequency range. As
a result, the LDT increases with a consequent increase of the
DR of the limiter. Using a microwave C-CROW arrangement
we have tested experimentally the operational principle of this
class of TP reflective photonic limiter by investigating the
sensitivity and transport characteristics of the TP resonant
defect mode in the presence of losses and imperfections.

The setup [see Fig. 1(a)] consists of N = 21 high index
cylindrical resonators (radius r = 4 mm, height h = 5 mm,
made of ceramics with refraction index n ≈ 6) with an
eigenfrequency around ν0 = 6.655 GHz and linewidth γ =
1.4 MHz [29]. The resonators are placed at alternating
distances d1 = 12 mm and d2 = 14 mm corresponding to
strong (t1 = 38 MHz) and weak (t2 = 21 MHz) evanescent
couplings, respectively. A topological defect at the 11th
resonator is introduced by repeating the spacing d2 [11,12].
Close to the first resonator, we have placed a kink antenna
that emits a signal exciting the first transverse electric (TE1)
resonant mode of the resonators. The structure is shielded from
above with a metallic plate where a movable loop antenna
(receiving antenna) is mounted and is coupled to the 13th
resonator [29].

We assume that the defect resonator incorporates a non-
linear absorption mechanism, i.e., we assume that its losses
are self-regulated depending on the strength of the incident
radiation. One option to incorporate nonlinear losses is via
an external element (fast diodes) [see Fig. 1(b)]. This option
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1. Introduction

Symmetry-protected zero modes are a ubiquitous 
feature of quantum systems exhibiting nontrivial 
topological phases. In electronic systems, such 
phases appear in normal-conducting systems with 
a chiral or modified time-reversal symmetry, as 
well as in superconducting systems where they are 
due to the charge-conjugation symmetry and may 
open routes for topological quantum computation 
[1–3]. Practical realizations of topological modes 
also abound in artifical photonic materials [4], 
where they enable robust unidirectional transport 
[5–8] in analogy to the quantum hall effect and 
topological insulators [9–15]. More generally, zero 
modes can be created by topological defects and 
interfaces [16–21], and display anomalous features 
[22–25] that can be exploited, e.g. for topological 
mode selection [26]. In all these settings, the 
topological considerations invoke a combination of 
symmetry with the dimensionality of the bulk and 
the defects [27, 28]. In particular, a two-dimensional 
system constrained only by conventional time-
reversal symmetry is topologically trivial. The 
corresponding zero modes, spatially localized at 
line or point defects, are usually not protected. 
To obtain nontrivial stationary features, these 
implementations therefore have to break or modify 

time-reversal symmetry or rely on system designs 
that display an additional charge-conjugation or 
chiral symmetry.

Chiral symmetries are appealing as they emerge 
naturally in bipartite lattices [29, 30] and place the 
systems into the same universality class as repre-
sented by superconductors coupled to strong topo-
logical insulators [1–3], meaning that they can sup-
port robust zero modes localized at point defects 
[28], which can carry a fractional charge [31–35]. 
The anomalous behaviour of zero-modes originally 
identified in the setting of continuum and lattice field 
theories [36–38] then manifests itself in a finite sub-
lattice polarization [29, 30], while all finite-energy 
states have an equal weight on both sublattices. As 
an intriguing consequence, many bipartite lattices 
of interest, such as the Lieb lattice presented in fig-
ure 1(a), exhibit flat bands of zero modes supported 
by one of the two sublattices (the majority sublat-
tice, which contains more sites per unit cell than 
the complementary minority sublattice). These flat 
bands provide a competing source of (compacton-
like) localized states that are degenerate with any 
point-defect zero mode [39–46], and also modify 
constraints on the number of band touchings and 
Dirac points exhibited by the symmetric dispersive 
bands of propagating states [29, 30, 41–43], as illus-
trated in figure 1(c).
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Abstract
Bipartite quantum systems from the chiral universality classes admit topologically protected zero 
modes at point defects. However, in two-dimensional systems these states can be difficult to separate 
from compacton-like localized states that arise from flat bands, formed if the two sublattices support 
a different number of sites within a unit cell. Here we identify a natural reduction of chiral symmetry, 
obtained by coupling sites on the majority sublattice, which gives rise to spectrally isolated  
point-defect states, topologically characterized as zero modes supported by the complementary 
minority sublattice. We observe these states in a microwave realization of a dimerized Lieb lattice 
with next-nearest neighbour coupling, and also demonstrate topological mode selection via 
sublattice-staggered absorption.
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identified in the setting of continuum and lattice field 
theories [36–38] then manifests itself in a finite sub-
lattice polarization [29, 30], while all finite-energy 
states have an equal weight on both sublattices. As 
an intriguing consequence, many bipartite lattices 
of interest, such as the Lieb lattice presented in fig-
ure 1(a), exhibit flat bands of zero modes supported 
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tice, which contains more sites per unit cell than 
the complementary minority sublattice). These flat 
bands provide a competing source of (compacton-
like) localized states that are degenerate with any 
point-defect zero mode [39–46], and also modify 
constraints on the number of band touchings and 
Dirac points exhibited by the symmetric dispersive 
bands of propagating states [29, 30, 41–43], as illus-
trated in figure 1(c).
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Energy landscape in a Penrose tiling
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We report on microwave measurements of the spectrum and the spatial intensity distribution of the eigenstates
for an artificial Penrose tiling. The energy-scaling behavior of the Hamiltonian parameters in this particular
system allows us to identify the main patterns that determine the first hierarchical structure of the spectrum and
to provide a physical interpretation of the gap labeling. Our results apply to a general class of systems.
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I. INTRODUCTION

Quasicrystals remain intriguing objects in spite of decades
of active research. They attract the attention of mathematicians,
physicists, chemists, and mineralogists due to their complex
structure, lying between periodic and disordered systems, lead-
ing to unique physical properties. Since their spectacular ex-
perimental realization in the early 1980s [1], quasicrystals [2]
have been the subject of very active research, whose domains
extend far beyond the scope of solid-state physics. In optics,
for instance, photonic quasicrystals have attracted strong inter-
est [3–5] for their specific behavior, induced by the particular
spectral properties, in light transport [6–8], plasmonic [9], and
laser action [10]. Very recently, one of the most salient spectral
feature of quasicrystals, namely the gap labeling [11], has been
observed for a polariton gas confined in a one-dimensional
quasiperiodic cavity [12]. The gap-labeling theory provides
the values of the integrated density of states (IDOS) N (E) for
a quasicrystal that identify the spectral gaps. For instance, for
an infinite Fibonacci or Penrose quasicrystal, it was shown that
each gap appears at a precise value given by N (E) = zi1 +
λzi2 , where λ = (

√
5 + 1)/2 is the golden ratio and the zi’s

are relative integers. The polariton experimental results [12]
confirm a theory which is now very complete in dimension
one [13,14]. In dimensions greater than one, the theory is very
far from being complete. Furthermore, some intriguing phe-
nomena, such as the existence of self-similar eigenmodes, can
occur [15]. All of this makes two-dimensional experimental
realizations and numerical simulations pertinent and attractive.

In dimension two, quasicrystals can be modeled with a
collection of polygons (tiles) that cover the whole plane, so that
each pattern (a subcollection of tiles) appears, up to translation,
with a given density but the tiling is not periodic. A typical ex-
ample is given by the Penrose tiling [16], whose spectrum has
been numerically investigated in several contexts [17–22]. In
this work, we implement a microwave realization of a Penrose
tiling using a set of coupled dielectric resonators [see Fig. 1(a)].
The microwave setup used has shown its versatility by suc-
cessfully addressing various physical situations ranging from
Anderson localization [23] to topological phase transition in
graphene [24], and provided the first experimental realization

*Patrizia.Vignolo@inln.cnrs.fr
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of the Dirac oscillator [25]. Here we obtain the gap labeling and
the spatial intensity distribution of the eigenstates for a Penrose
tiling. Moreover, we provide an energy-scaling analysis that
allows a physical understanding of the gap labeling and of the
energy landscape. Our results are general and do not depend
on the particular microwave setup used in this work.

II. EXPERIMENTAL RESULTS

We created a Penrose tiling made of thin and fat dia-
monds. The lattice is constructed using the inflation rules
of the Robinson triangle decomposition [26] of the Penrose
tiling [16]. A microwave resonator is placed at each diamond
vertex [Fig. 1(a)]. We establish a two-dimensional tight-
binding regime [27], where the electromagnetic field is mostly
confined within the resonators. For an isolated resonator,
only a single mode is important in a broad spectral range
around the bare frequency, Eb ≃ 6.65 GHz. This mode spreads
out evanescently, so that the coupling strength t can be
controlled by adjusting the separation distance d between the
resonators [27]. The resulting system can be described by the
following tight-binding Hamiltonian:

H = Eb

∑

i

|i⟩⟨i| +
∑

i,j,i ̸=j

tij |i⟩⟨j |, (1)

where |i⟩ is the wave function at site i and tij is the coupling
strength between sites i and j . The experimentally obtained
density of states (DOS) ρ(E) (see Appendix A) is shown in
Fig. 1(b). The main frequency bands Ei and gaps #Ei are
indicated by the white and gray zones, respectively. The peak
at “zero energy,” namely the bare frequency Eb, predicted
when the couplings are restricted to the diamond edges [28], is
not observed here. Indeed, as explained below, in our system
the spectrum is dominated by the couplings along the short
diagonal of thin diamonds.

To visualize the gap labeling, we consider the integrated
density of states (IDOS): N (E) =

∫ E

−∞ ρ(E′)dE′. As plotted
in Fig. 2 (solid blue line), we clearly observe plateaus for
specific values of N (E), where the IDOS is approximately
constant. In contrast to a periodic crystal, where the number
of states in each band is the same and the IDOS is a regular
staircase with identical step heights, in a quasicrystal, due to
the fractal structure of its spectrum, the IDOS is an irregular
staircase. Gap labeling identifies the position of footsteps
where N (E) is constant and depends only on the geometry of
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The recent realization of topological phases in insulators and superconductors has advanced

the search for robust quantum technologies. The prospect to implement the underlying

topological features controllably has given incentive to explore optical platforms for

analogous realizations. Here we realize a topologically induced defect state in a chain of

dielectric microwave resonators and show that the functionality of the system can be

enhanced by supplementing topological protection with non-hermitian symmetries that do

not have an electronic counterpart. We draw on a characteristic topological feature of the

defect state, namely, that it breaks a sublattice symmetry. This isolates the state from losses

that respect parity-time symmetry, which enhances its visibility relative to all other states

both in the frequency and in the time domain. This mode selection mechanism naturally

carries over to a wide range of topological and parity-time symmetric optical platforms,

including couplers, rectifiers and lasers.
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Topological Transition of Dirac Points in a Microwave Experiment
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By means of a microwave tight-binding analogue experiment of a graphenelike lattice, we observe a

topological transition between a phase with a pointlike band gap characteristic of massless Dirac fermions

and a gapped phase. By applying a controlled anisotropy on the structure, we investigate the transition

directly via density of states measurements. The wave function associated with each eigenvalue is mapped

and reveals new states at the Dirac point, localized on the armchair edges. We find that with increasing

anisotropy, these new states are more and more localized at the edges.
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Introduction.—Recently discovered condensed matter
systems, such as graphene [1] or topological insulators
[2], constitute an ideal playground to investigate the physics
of massless Dirac fermions until now restricted to high
energy physics. Indeed, the relativistic spectrum emerges
at the conical intersection points, the so-calledDirac points,
in the low energy electronic dispersion relation. The large
potential of technological applications [3] depends cru-
cially on the properties of these quasiparticles. Themanipu-
lation of the Dirac points by external parameters—from
creation to annihilation—has recently attracted significant
attention both theoretically [4–7] and experimentally [8,9].
By controlling the anisotropy of a honeycomb lattice, one
can in principle move the Dirac points up to a transition
where they merge and annihilate each other. This is a
topological transition since both Dirac points are charac-
terized by opposite topological numbers (opposite Berry
phases) which annihilate at the transition. If the anisotropy
is increased further, a band gap opens in the dispersion
relation. This transition from a gapless (Dirac) phase to a
gapped phase corresponds to a Lifshitz phase transition
from a semimetallic to an insulating phase [4–7]. The
experimental investigation of this transition is difficult to
perform with condensed matter systems, e.g., graphene
under uniaxial strain [10] or quasi-two-dimensional organic
conductors under pressure [11]. Artificial systems such as
molecular graphene or ultracold atoms in optical lattices
have been recently proposed to experimentally probe this
topological transition [8,9]. While this effect has not been
clearly observed with molecular graphene [9], Ref. [8]
reports the observation, using momentum-resolved inter-
band transitions, of Dirac points merging with a Fermi
gas in an anisotropic honeycomb lattice without sixfold
symmetry.

Alternatively, discrete photonic systems (e.g., photonic
lattices or microwave cavities), with graphenelike struc-
tures, have been employed as condensed-matter analogues
[12–15]. In microwave experiments, the tight-binding form
of graphene’s Hamiltonian [16] can be established by using

a honeycomb lattice of evanescently coupled dielectric
resonators [14,15]. Dirac points and signature of the linear
dispersion relation have been observed [13–15].
In this Letter, we take advantage of the high versatility of

our tight-binding microwave setup to explore the topologi-
cal phase transition. The anisotropy of the honeycomb
lattice is controlled through the nearest-neighbor hopping
parameters. We directly measure the density of states
(DOS) and the wave function associated with each eigen-
value. We observe a transition between the Dirac phase and
the gapped phase exactly for the expected value of the
anisotropy parameter defined in a tight-binding descrip-
tion. This is the first direct DOS measurement of this
topological transition. Moreover the experimental setup
allows a very fine manipulation of the edges and a control
of edge states that is not yet possible in condensed matter
systems. We show that the anisotropy generates new states,
at the Dirac frequency !D, localized along specific arm-
chair edges. With increasing anisotropy, their extension
into the bulk decreases.
Experimental microwave graphene analogue.—For our

experiments, we use a set of 222 identical coupled dielec-
tric cylindrical resonators (5 mm height, 8 mm diameter,
and a refractive index of 6), hereafter called discs, placed
in between two metallic plates. We establish a two-
dimensional tight-binding regime, where the electromag-
netic field is mostly confined within the discs and spreads
out evanescently. The experimental details are described in
Refs. [14,15]. Via a movable loop-antenna, the reflected
signal S11 is measured over a given frequency range at
the disc positions r using a vectorial network analyzer. The
bare frequency !0 of an isolated disc (" 6:65 GHz in the
setup considered here) corresponds to the on-site energy
appearing in the tight-binding Hamiltonian. The coupling
parameter texp between two adjacent discs depends on the
disc separation d and can be described, as expected for a
two-dimensional system, by a modified Bessel function K0

(see Table I). Thus, by changing the distance between
discs, one can change, in a controllable manner, the
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Abstract
Edge states are an important ingredient in understanding transport properties of
graphene nanoribbons. We study experimentally the existence and the internal
structure of edge states under uniaxial strain of the three main edges: zigzag,
bearded, and armchair. The experiments are performed on artificial microwave
graphene flakes, where the wavefunctions are obtained by direct imaging. We
show that uniaxial strain can be used to manipulate the edge states: a single
parameter controls their existence and their spatial extension into the ribbon. By
combining a tight-binding approach and topological arguments, we provide an
accurate description of our experimental findings. A new type of zero-energy
state appearing at the intersection of two edges, namely the corner state, is also
observed and discussed.
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CNRS, UMR 7336 Parc Valrose—06108 Nice, France
5Centro Internacional de Ciencias, 62210 Cuernavaca, México
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We present the first experimental microwave realization of the one-dimensional Dirac oscillator, a

paradigm in exactly solvable relativistic systems. The experiment relies on a relation of the Dirac

oscillator to a corresponding tight-binding system. This tight-binding system is implemented as a

microwave system by a chain of coupled dielectric disks, where the coupling is evanescent and can be

adjusted appropriately. The resonances of the finite microwave system yield the spectrum of the one-

dimensional Dirac oscillator with and without a mass term. The flexibility of the experimental setup

allows the implementation of other one-dimensional Dirac-type equations.

DOI: 10.1103/PhysRevLett.111.170405 PACS numbers: 03.65.Pm, 07.57.Pt, 41.20.!q, 73.22.Pr

The relativistic version of the harmonic oscillator has
been touched upon occasionally [1,2] but became a widely
used model for relativistic equations with the appearance
of the seminal paper [3]. Originally, it was known as the
Dirac oscillator (DO) [4,5]. Indeed, since then, the number
of papers using this model has increased rapidly, mainly in
mathematical physics [6–19], but also in nuclear physics
[20–22], subnuclear physics [23,24], and quantum optics
[25–28]. In mathematical physics, it has become the para-
digm for the construction of covariant quantum models
with some well determined nonrelativistic limit but has
also attracted much attention in the environment of exactly
solvable models and symmetries; it is amusing to mention
that even the Higgs symmetry has been considered in this
context [29].

While this model is a paradigm of mathematical physics,
it does not describe a known physical system, as is the case
for the Dirac equation for the hydrogen atom. Thus, an
experimental realization by other means is highly desir-
able. There are two proposals to realize analogue experi-
ments: one in the realm of quantum optics [26–28] and the
other one using a classical microwave setup [30]. In this
Letter, we shall present a microwave realization for the 1D
DO. Beyond its intrinsic interest, the experiment is also a
starting point for further experimental exploration of
Dirac-like equations.

Wewillmainly follow the proposition ofRef. [30] but use
a slightly different mechanism to appropriately take into
account the finiteness of the experimental system. The
experimental idea is based on a mapping of the DO to a
tight-binding model with dimers. In this model, it is impor-
tant that only nearest neighbor interactions are present. It
consists of a chain of coupled disks with a high index of
refraction sandwiched between two metallic plates. The

coupling constants between the disks have to be adjusted
properly to obtain a spectrumwhich is equivalent to the DO
spectrum. This setup has been used to investigate the Dirac
points [31], disorder effects [32], and topological transitions
in graphene [33]. We start with a short introduction to the
DO and its relation to a tight-binding Hamiltonian with
nearest neighbor coupling only. Thereafter, we introduce
the experimental setup and present the experimental results.
Dirac oscillator.—The system that we now call the DO

was proposed more than 20 years ago [3,34–37], and its
properties and possible applications have been studied
extensively. The original formulation was presented in
Hamiltonian form. Covariance was easily achieved, and
the physicality of such a system could be attained by means
of a Pauli coupling [3]. In the present Letter, we will use
the 1þ 1-dimensional version of the Dirac oscillator [4],
which can be treated analogously and yields a two-
component spinless structure.
The system in question can be conceived in its simplest

form by writing the corresponding Hamiltonian as a func-
tion of the spectrum generating algebra. Let a, ay be the
ladder operators of a nonrelativistic harmonic oscillator
and !# ¼ !x # i!y the creation and annihilation opera-
tors of spin 1=2 in terms of Pauli matrices. The 1þ
1-dimensional DO Hamiltonian is

H ¼ !þaþ !!a
y þ"!z; (1)

where the spectrum is given by

##;n ¼ #
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ"2

q
; (2)

where the sign denotes particles and antiparticles. The
dimensionless commutator ½a; ay& ¼ 1 ensures that for a
particle of mass m and an oscillator of frequency !, we
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